CHAPTER 20

Stability

20/1. ¢ Sraprary ’is defined primarily as a relation between a
line of behaviour and a region in phase-space because only in
this way can we get a test that is unambiguous in all possible
cases. Given an absolute system and a region within its field,
a line of behaviour from a point within the region is stable if it
never leaves the region.

20/2. If all the lines within a given region are stable from all
points within the region, and if all the lines meet at one point,
the system has ‘normal’ stability.

20/3. A resting state can be defined in several ways. In the
field it is a terminating point of a line of behaviour. In the
group equations of S. 19/10 the resting state X, . . ., X, is
given by the equations '
X; = Lim Fya®; t) (t=1,...,mn) Q)
t—>»o0

if the n limits exist. In the canonical equations the values satisfy
filXy oo, Xp)=0 (i=1,...,n) . (2
A resting state is an invariant of the group, for a change of ¢
does not alter its value.
ofi

If the Jacobian of the f’s, i.e. the determinant Er
s

be symbolised by J, is not identically zero, then there will be
isolated resting states. If J = 0, but not all its first minors are
zero, then the equations define a curve, every point of which
is a resting state. IfJ = 0 and all first minors but not all second
minors are zero, then a two-way surface exists composed of
resting states; and so on.

, which will

20/4. Theorem : If the f’s arc continuous and differentiable,
an absolute system tends to the linear form (S. 19/27) in the
neighbourhood of a resting state.
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STABILITY 20/5

Let the system, specified by

dey/dt = fi(@y, - . ., Xn) =1 ., .y M)
have a resting state .\'y, . . ., X,, so that
Xy v 50, Xz) =0 i=1...,n)
Put ; =X; + & (¢ =1, ..., n) so that a; is measured as a

deviation &; from its resting value. Then
d . ;
d_i(Xz+§%) =ﬁ(X1+§p s e ey An+§n) (Z=1’ ) ")

Expanding the right-hand side by Taylor’s theorem, noting that
dX;/dt = 0 and that f;(X) = 0, we find, if the £&’s arcinfinitesimal,
that

des _ o ofi .
dt_a§1§1+"'+a§"§" i=1,...,n)
The partial derivatives, taken at the point X, . . ., X,, are

numerical constants. So the system is linear.

20/5. In general the only test for stability is to observe or
compute the given line of behaviour and to see what happens
as t—> oo. For the linear system, however, there are tests that
do not involve the line of behaviour explicitly. Since, by the
previous section, many systems approximate to the linear within
the region in which we are interested, the methods to be de-
scribed are widely applicable.
Let the linear system be

%:ailmlﬁ-aizmz—}- v oo Ginn (t=1,...,n) (1)
or, in the concise matrix notation (S. 19/27)

%= Az ; : : . (2)
Constant terms on the right-hand side make no difference to
the stability and can be ignored. If the determinant of A4 is not
zero, there is a single resting state. The determinant

@y —A Ay .o Gqn
Ay Qoa—A . . . @y
Any  Qng - -« Qup—A

when expanded gives a polynomial in A of degree » which, when
equated to 0, gives the characteristic equation of the matrix 4 :
M m A m A2 4 L my = 0.
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